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Let M be an n-dimensional Riemannian manifold and TM its tangent bundle. The conformal
and ﬁber preserving vector ﬁelds on TM have well-known physical interpretations and have
been studied by physicists and geometers using some Riemannian and pseudo-Riemannian
lift metrics on TM. Here we consider the Riemannian or pseudo-Riemannian lift metric G
on TM which is in some senses more general than other lift metrics previously deﬁned
on TM, and seems to complete these works. Next we study the lift conformal vector ﬁelds
on (TM,G).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In the present paper everything will be always discussed in the C∞ category, and Riemannian manifolds will be assumed
to be connected and dimM > 1. Also we suppose T˜M = TM − {0}.
Let M be a Riemannian manifold, and let φ be a transformation of M . Then φ is called a projective transformation, if it
preserves the geodesics, where each geodesic should be confounded with a subset of M by neglecting its aﬃne parameter.
Furthermore φ is called an aﬃne transformation, if it preserves the Riemannian connection. We may also speak of local
projective and aﬃne transformation. We then remark that a (local) aﬃne transformation may be characterized as a (local)
projective transformation which preserves the aﬃne parameter together with the geodesics.
Let V be a vector ﬁeld on M , and let us consider the local one-parameter group {φt} of local transformations of M
generated by V . Then V is called an inﬁnitesimal projective (resp. aﬃne) transformation, if each φt is a local projective
(resp. aﬃne) transformation. By a complete inﬁnitesimal projective transformation we mean an inﬁnitesimal projective
transformation which generates a (global) one-parameter group of projective transformations.
Let TM be the tangent bundle M , and let φ be a transformation of TM. Then φ is called a ﬁber-preserving transformation,
if it preserves the ﬁbres. Let X be a vector ﬁeld on TM, and let us consider the local one-parameter group {φt} of local
transformations of TM generated by X . Then X is called an inﬁnitesimal ﬁber-preserving transformation on TM, if each
φt is a local ﬁber-preserving transformation of TM. Clearly an inﬁnitesimal ﬁber-preserving transformation on TM induces
an inﬁnitesimal transformation in the base space M . Let g¯ be a (pseudo)-Riemannian metric of TM. An inﬁnitesimal ﬁber-
preserving transformation X on TM is said to be an inﬁnitesimal ﬁber-preserving conformal transformation, if there exists
a scalar ρ¯ on TM such that £X g¯ = 2ρ¯ g¯ , where £X denotes the Lie derivation with respect to X .
In this paper, we deﬁne a new kind of (pseudo)-Riemannian metric G on TM. The main purpose of the present paper
is to investigate some relations between the Lie algebra of inﬁnitesimal ﬁber-preserving conformal transformations of the
tangent bundle TM and the Lie algebra of inﬁnitesimal projective transformations of M .
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of the point p ∈ U is denoted by its image on Rn, x(p) or brieﬂy (xi). Using the induced coordinates (xi) on M , we have
the local ﬁeld of frames { ∂
∂xi
} on T pM . Let ∇ be a Riemannian connection on M with coeﬃcients Γ ki j where the indices
a,b, c,h, i, j,k,m, . . . runs over the range 1, 2, . . . ,n. The Riemannian curvature tensor is deﬁned by
K (X , Y )Z = ∇Y∇X Z − ∇X∇Y Z + ∇[X ,Y ] Z , ∀X , Y , Z ∈X (M).
Locally we have
K mijk = ∂iΓ
m
jk − ∂ jΓ mik + Γ mia Γ ajk − Γ mjaΓ aik,
where ∂i =
∂
∂xi
and K (∂i , ∂ j , ∂k) = K mijk ∂m .
1.1. Non-linear connection
Let TM be the tangent bundle of M and π the natural projection from TM to M . Consider π∗ : TTM → TM and let us
put
kerπ v∗ =
{
z ∈ TTM ∣∣ π v∗ (z) = 0}, ∀v ∈ TM.
Then the vertical vector bundle on M is deﬁned by VTM =
⋃
v∈TM kerπ v∗ . A non-linear connection or a horizontal distribution
on TM is a complementary distribution HTM for VTM on TTM. The non-linear nomination arise from the fact that HTM is
spanned by a basis which is completely determined by not linear functions. These functions are called coeﬃcients of non-
linear connection and will be noted in the sequel by N ji . It is clear that HTM is a horizontal vector bundle. By deﬁnition we
have decomposition TTM = VTM ⊕ HTM [1].
Using the induced coordinates (xi , yi) on TM, where xi and yi are called respectively position and direction of a point
on TM, we have the local ﬁeld of frames { ∂
∂xi
,
∂
∂ yi
} on TTM. Let {dxi ,dyi} be the dual basis of { ∂
∂xi
,
∂
∂ yi
}. It is well
known that we can choose a local ﬁeld of frames { δ
δxi
,
∂
∂ yi
} adapted to the above decomposition i.e. δ
δxi
∈ X (HTM) and
∂
∂ yi
∈X (VTM) are sections of horizontal and vertical sub-bundle on HTM and VTM, deﬁned by δ
δxi
= ∂
∂xi
− N ji ∂∂ y j , where
N ji (x, y) are functions on TM and have the following coordinate transformation rule in local coordinates (x
i
, yi) and (xi
′
, yi
′
)
on TM:
Nh
′
i′ =
∂xh
′
∂xh
(
∂xi
∂xi′
Nhi +
∂2xh
∂xi′∂xa′
ya
′
)
.
To see a relation between linear and non-linear connections let Γ kj i be the coeﬃcients of Riemannian connection of (M, g),
then it is easy to check that yaΓ ka i satisﬁes above relation and thus can be regarded as coeﬃcients of non-linear connection
on TM in the sequel.
We put δh =
δ
δxh
and ∂h¯ =
∂
∂ yh
. Then {δh , ∂h¯} is the adapted local ﬁeld of frames of TM and let {dxh , δyh} be dual basis
of {δh, ∂h¯} where δyh = dyh + yaΓ ha i dxi and the indices i, j,h, . . . and i¯, j¯, h¯, . . . runs over the range 1, 2, . . . ,n.
1.2. The Riemannian or pseudo-Riemannian metric G on tangent bundle
Let (M, g) be a Riemannian manifold. The Riemannian metric g has components gij which are functions of variables xi
on M . We deﬁne a tensor ﬁeld G by
G(x, y) = αhij(x, y)dx
i dx j + 2βhij(x, y)dxiδy j + γ hij(x, y) δyi δy j
where α,β and γ are real numbers and hij are Lagrange coeﬃcients. It is clear that G is nonsingular if αγ − β2 = 0 and
positive deﬁnite if αγ − β2 > 0 and deﬁne respectively pseudo-Riemannian or Riemannian lift metrics on T (M).
In this paper we are concerning with the metric G in the case when hij(x, y) is the following special deformation of gij(x)
hij(x, y) = a
(
L2
)
gij(x),
where L2 = gij(x)yi y j , yi = gij(x)y j and a : Im(L2) ⊆ R+ → R+ with a > 0. For shortness we set g1 = hij dxi dx j , g2 =
2hij dxiδy j and g3 = hijδyiδy j Therefore G = αg1 + βg2 + γ g3 .
1.3. Lie derivative
Let M be an n-dimensional Riemannian manifold, and V a vector ﬁeld on M , and {φt} any local group of local trans-
formations of M generated by V . Take any tensor ﬁeld S on M , and denote by φt∗(S) the pull-back of S by φt . Then Lie
derivation of S with respect to V is a tensor ﬁeld £V S on M deﬁned by
£V S =
∂
∂t
φt
∗(S)
∣∣∣∣
t=0
= lim
t→0
φt
∗(S) − (S)
t
,
on the domain of φt . The mapping £V which maps S to £V (S) is called Lie derivative with respect to V [7].
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j1,..., jn
i1,...,im
of £V S may be expressed as1:
(£V S)
j1,..., jn
i1,...,im
= V a∂a S
j1,..., jn
i1,...,im
+
m∑
k=1
∂ik V
a S j1,..., jni1,...,a,...,im −
n∑
k=1
∂aV
jk S j1,...,a,..., jni1,...,im ,
where S j1,..., jni1,...,im and V
a denote the components of S and V .
The local expression of Lie derivative £V (S) in terms of covariant derivatives on a Riemannian manifold for a tensor
ﬁeld of type (1, 2) is given by:
£V S
h
j i = v
a∇a S hj i − S aj i∇avh + S ha i∇ j va + S hj a∇i va, (1)
where S hj i and v
h are components of S and V , and ∇a S hj i , ∇avh are components of covariant derivatives of S and V ,
respectively.2
Lemma 1. (See [2,3,5].) Lie bracket of adapted frame of TM satisﬁes the following relations
[δi , δ j] = yr K mjir ∂m¯,
[δi , ∂ j¯] = Γ mj i ∂m¯,
[∂ i¯ , ∂ j¯] = 0,
where K mjir denotes the components of Riemannian curvature tensor of M.
Lemma 2. (See [5].) Let X be a vector ﬁeld on TM with components (vh , vh¯) with respect to the adapted frame {δh, ∂h¯}. Then X is
ﬁber-preserving vector ﬁeld on TM if and only if vh are functions on M.
Therefore, every ﬁber-preserving vector ﬁeld X on TM induces a vector ﬁeld V = vh ∂
∂xh
on M .
Deﬁnition 1. (See [5,6].) Let V be a vector ﬁeld on M with components V h . We have following vector ﬁelds on TM which
are called respectively complete, horizontal and vertical lifts of V :
XC := vhδh + ym
(
Γ hm av
a + ∂mv
h)∂h¯,
XH := vhδh ,
XV := vh∂h¯.
From Lemma 2 we know that XC , XH and XV are ﬁber-preserving vector ﬁelds on TM.
Lemma 3. (See [5].) Let X be a ﬁber-preserving vector ﬁeld on TM. Then Lie derivative of adapted frame and its dual basis are given
by:
(I) £Xδh = (−∂hva)δa + {ybvc K ahcb − vb¯Γ ab h − δh(va¯)}∂a¯,
(II) £X∂h¯ = {vbΓ ab h − ∂h¯(va¯)}δa,
(III) £X dxh = (∂mvh)dxm,
(IV) £Xδyh = −{ybvc K hmcb − vb¯Γ hb m − δm(vh¯)}dxm − {vbΓ hb m − ∂m¯(vh¯)}δym.
Lemma 4. Let X be a ﬁber-preserving vector ﬁeld on TM which induces a vector ﬁeld V on M. Then Lie derivatives £X g1 , £X g2 and
£X g3 are given by:
(I) £X g1 = (2ϕ¯gij + a(L2)£V gij)dxi dx j ,
(II) £X g2 = 2[−a(L2)g jm{ybvc K micb − vb¯Γ mb i − δi(vm¯)}dxi dx j + {a(L2)(£V gij − g jm∇i vm + g jm∂ i¯(vm¯)) + 2ϕ¯gij}dx jδyi],
(III) £X g3 = −2a(L2)gmi{ybvc K mjcb − vb¯Γ mb j − δ j(vm¯)}dx jδyi + {a(L2)(£V gij − 2gmj∇i vm + 2gmj∂ i¯(vm¯)) + 2ϕ¯gij}δyiδy j ,
where£V gij and ∇i vm denote the components of£V g and covariant derivative of V respectively and ϕ¯ = vh¯ yha′(L2).
1 See for example [4, Exercise 5.36 on p. 164].
2 Details of Lie derivative on Riemannian manifolds can be found in [4–6].
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a function of (xh). In other hands there exist a function Ω of (xh) such that ρ¯ = Ω + ϕ¯ . If Ω = 0 then X is called linear
vector ﬁeld on TM. Moreover if Ω is constant then X is called homothetic aﬃne vector ﬁeld.
2. Main results
Proposition 1. Let X be a complete (resp. horizontal or vertical) lift conformal vector ﬁeld on TM with associated function ρ¯ . Then
ρ¯ = Ω + ϕ¯ where Ω is a function of (xh).
Proof. Let TM be the tangent bundle over M with Riemannian metric g˜ and X be a complete (resp. horizontal or vertical)
lift conformal vector ﬁeld on TM. By deﬁnition there is a scalar function Ω on TM such that
£XG = 2ρ¯G.
Since the complete, horizontal and vertical lift vector ﬁelds are ﬁber preserving, by applying £X to the deﬁnition of G ,
using Lemma 4 and the fact that dxi dx j , dxiδy j and δyiδy j are linearly independent we have following three relations
α(£V gij − 2Ω gij) = β
[
gim
(
ybvc K mjcb − vb¯Γ mb j − δ j
(
vm¯
))
+ g jm
(
ybvc K micb − vb¯Γ mb i − δi
(
vm¯
))]
, (2)
β(£V gij − 2Ω gij) = βgim
(∇ j vm − ∂ j¯(vm¯))+ γ g jm(ybvc K micb − vb¯Γ mb i − δi(vm¯)). (3)
Using (1) we have £V gij = ∇i V j + ∇ j V i from which we obtain
2Ω gij = gmj∂ i¯
(
vm¯
)
+ gmi∂ j¯
(
vm¯
)
, (4)
where Ω = ρ¯ − ϕ¯ .
Applying ∂k¯ to the relation (4) and using the fact that gij is a function of position alone, we have
2gij∂k¯(Ω) = gmj∂k¯∂ i¯
(
vm¯
)
+ gmi∂k¯∂ j¯
(
vm¯
)
. (5)
By means of Deﬁnition 1 for complete lift vector ﬁelds and by replacing the value of vm¯ in (5) we have
2gij∂k¯(Ω) = gmj∂k¯∂ i¯
(
yl
(
Γ ml a v
a + ∂l v
m))+ gmi∂k¯∂ j¯(yl(Γ ml a va + ∂l vm)).
Since the coeﬃcients of Riemannian connection on M , and components of vector ﬁeld V are functions of position alone, the
right-hand side of above relation become zero. From which we have ∂k¯(Ω) = 0. This means that the scalar function Ω(x, y)
on TM depends only on the variables (xh).
Similarly for vertical lift vector ﬁelds, by using the fact that the components of V are functions of position alone and (4)
we have Ω = 0. Finally for horizontal lift vector ﬁeld by means of relation (4) we have Ω = 0. 
Proposition 2. Let X be a complete lift conformal vector ﬁeld on TM with associated function ρ¯ . Then the scalar function Ω in
ρ¯ = Ω + ϕ¯ is constant.
Proof. Let X be a complete lift conformal vector ﬁeld on TM with components (vh , vh¯) with respect to the adapted
frame {δh , ∂h¯}.
Let we put
Ama = Γ
m
a hv
h + ∂av
m.
The coordinate transformation rule implies that Ama are the components of (1, 1) tensor ﬁeld A. Then its covariant derivative
is
∇i Ama = ∂i Ama + Γ mi k Aka − Γ ki a Amk,
where ∇i Ama is the components of covariant derivative of tensor ﬁeld A.
From Deﬁnition 1, vm¯ = Ama y
a . By means of (3) we have
β
[
£V gij − 2Ω gij − gim
(∇ j vm − Amj)]= γ g jm[yavc K mica − Γ mk i Aka ya − δi(Amh yh)].
Note that the components of A are functions of position alone, from which the right-hand side of this relation becomes
γ g jm
[
yavc K mica − Γ mk i Aka ya −
(
∂
∂vi
− yaΓ ka i
∂
∂ yk
)(
Amh y
h)]
= γ g jm
[
yavc K mica − Γ mk i Aka ya − ya
∂
∂vi
Ama + Γ
k
a i A
m
k y
a
]
= γ ya
(
vc Kicaj − gmj∇i Ama
)
.
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β
[
£V gij − 2Ω gij − gmi
(∇ j vm − Amj)]= γ ya(vc Kicaj − gmj∇i Ama).
By means of Proposition 1 the left-hand side of above relation is a function of position alone. Applying ∂k¯ =
∂
∂ yk
to this
relation gives
vc Kicaj − gmj∇i Ama = 0,
or
vc Kicaj = ∇i A ja.
From which
∇i A ja + ∇i Aaj = 0. (6)
Now by replacing vm¯ in (4)
2Ω gij = gmj∂ i¯
{
yh
(
Γ mh av
a + ∂hv
m)}+ gmi∂ j¯{yh(Γ mh ava + ∂hvm)}
= gmj
(
Γ mi a v
a + ∂i v
m)+ gmi(Γ mj ava + ∂ j vm)
= gmj A
m
i + gmi A
m
j .
Applying covariant derivation ∇k to this relation gives
2gij∇k Ω = ∇k A ji + ∇k Aij .
From (6) we get ∇kΩ = ∂∂xh Ω = 0.
Since M is locally connected, the scalar function Ω is constant. 
Theorem 1. Let M be an n-dimensional Riemannian manifold and TM be its tangent bundle with metric G. Then every complete lift
conformal vector ﬁeld on TM is homothetic aﬃne vector ﬁeld, and moreover every horizontal or vertical lift conformal vector ﬁeld on
TM is a linear vector ﬁeld.
Proof. Let M be an n-dimensional Riemannian manifold, TM its tangent bundle with the metric G and X a complete (resp.
horizontal or vertical) lift conformal vector ﬁeld on TM. Then by means of Proposition 1 the scalar function ρ¯(x, y) in
£XG = 2ρ¯G is a function of position alone (resp. Ω = 0) and by means of Proposition 2 it is constant. Thus every complete
lift conformal vector ﬁeld on TM is homothetic aﬃne and every horizontal or vertical lift conformal vector ﬁeld on TM is
a linear vector ﬁeld. 
Theorem 2. Let M be an n-dimensional Riemannian manifold and TM be its tangent bundle with metric G. Then every aﬃne ﬁber
preserving conformal vector ﬁeld on TM is homothetic aﬃne vector ﬁeld.
Proof. Let X be an aﬃne ﬁber preserving conformal vector ﬁeld on TM with components (vh , vh¯) with respect to the
adapted frame {δh , ∂h¯} and associated function ρ¯ . Using the same argument in proof of Proposition 1, we have obviously
relations (2)–(4). From (4) we have
Ω gii = gmi∂ i¯
(
vm¯
)
.
where Ω = ρ¯ − ϕ¯ . Since Ω is supposed to be a function of (Xh), by applying ∂ i¯ to the above relation, we have
∂ i¯
(
∂ i¯
(
vm¯
))
= 0.
Applying again ∂ i¯ to (4) and using above relation gives
∂ i¯
(
∂ j¯
(
vm¯
))
= 0.
Thus we can write
vm¯ = Ama y
a + Bm, (7)
where Ama and B
m are certain functions of (xh). Replacing (7) in (3) we have
β(£V gij − 2Ω gij) = βgim
(∇ j vm − Amj)+ γ g jm
(
ybvc K micb − ya AbaΓ mb i − BbΓ mb i − ya
∂
∂xi
Ama −
∂
∂xi
Bm + yaΓ ka i A
m
k
)
= βgim
(∇ j vm − Am )+ γ g jm(ybvc K m − ya∇i Ama)− γ g jm∇i Bm.j icb
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β
(
£V gij − 2Ω gij − gim
(∇ j vm − Amj))+ γ g jm∇i Bm = γ g jm ya(vc K mica − ∇i Ama).
The left-hand side of this relation is a function of position alone. From which by applying ∂k¯ we have
vc K mica = ∇i Ama. (8)
Replacing (7) in (4) we ﬁnd
2Ω gij = A ji + Aij .
Covariant derivative of this relation and using (8) gives
∇kΩ = ∂
∂xh
Ω = 0.
M is locally connected thus the scalar function Ω on M is constant. This completes the proof of Theorem 2. 
Now suppose that V is a homothetic vector ﬁeld on M , i.e.
£V g = 2Ω g, Ω = const.
We are going to extend V to a ﬁber-preserving vector ﬁeld on TM. We deﬁne Aij as follows:
Aij = ∇ j vi
and claim that X = vh Xh + ya Aha Xh¯ is a ﬁber-preserving vector ﬁeld on TM.
Since vhs are V ’s parameters and V is a vector ﬁeld on M , then vhs depend on xhs. Therefore, X is ﬁber-preserving.
To prove that X is conformal, ﬁrst we express following lemma.
Lemma 5. Let V be a homothetic vector ﬁeld on M with associated function Ω and Aij = ∇ j vi , then we have following relations
∇k Aij + Kmijkvm = 0, (9)
ybvc Kmicb − vb¯Γ mbi − δi
(
vm¯
)
= 0, (10)
∇ j vm − ∂ j¯
(
vm¯
)
= 0, (11)
gmj∂ i¯
(
vm¯
)
+ gmi∂ i¯
(
vm¯
)
= 2Ω gij . (12)
Proof. Since proof of the above relations is similar, then we prove (9) and (12). By direct computation and using £V Γ akj =
∇k∇ j va + Kamkj vm , we have
∇k Aij + Kmijkvm = ∇k∇ j vi + Kmijkvm = gia∇k∇ j va + Kmijkvm
= gia
(
£V Γ
a
kj − Kamkj vm
)
+ Kmijkvm
= −Kmkji vm + Kijkmvm = 0.
Also we have
gmj∂ i¯
(
vm¯
)
+ gmi ∂¯i
(
vm¯
)
= gmj∂ i¯
(
ya Ama
)
+ gmi∂ i¯
(
ya Ama
)
= gmj A
m
i + gmi A
m
j
= A ji + Aij = 2Ω gij . 
Theorem 3. Let V = vh ∂
∂xh
be a homothetic vector ﬁeld on M. Then X = vh Xh + ya Aha Xh¯ is a homothetic aﬃne ﬁber-preserving
vector ﬁeld on TM, where Aij = ∇ j vi .
Proof. From relations (9)–(12) we conclude that relations (2)–(4) are holds. Then we have £XG = 2ρ¯G where ρ¯ =
Ω + ya Aha . 
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